A k-dependent dominating set D in a graph G = (V; E) is a set which is both k-dependent and dominating, where a set is k-dependent if the maximum degree of a vertex in the subgraph D induced by D is at most k, and a set D is dominating if every vertex not in D is adjacent to at least one vertex in D. This paper introduces the concept of k-dependent domination and establishes close relationships between k-dependent domination and the standard concepts of domination and irredundance in graphs. Computational complexity questions corresponding to the decision problems associated with k-dependent dominating sets and k-dependent irredundant sets are also answered.
Introduction
Let G = (V; E) be a ÿnite simple graph and let k be a non-negative integer. We follow the notation of [9] . If S ⊆ V (G), then S will denote the subgraph induced by S. If H is any subgraph of G and x ∈ V (H ), then deg H (x) will denote the number of neighbors of vertex x in H and (H ) will denote the maximum degree of a vertex in H . A set S is said to be a dominating set if every vertex v not in S has at least one neighbor in S. The minimum (maximum) cardinality of a minimal dominating set in G is the domination number (upper domination number) of G and is denoted by (G) ( (G)). The condition which makes a dominating set minimal is that of being irredundant, which was ÿrst studied in [1] . If x ∈ X ⊆ V (G), let PN (x; X ) = N [x] − N [X − {x}]. A set X is said to be irredundant if PN (x; X ) = ∅ for every vertex ∈ X . A vertex in PN (x; X ) is called a private neighbor of x with respect to X . The minimum and maximum cardinalities of a maximal irredundant set in G are denoted by ir(G) and IR(G), respectively.
A set S is called k-dependent if ( S ) 6 k. If ( S ) = 0 then we say that S is an independent set. We let i(G) and ÿ 0 (G) denote the minimum and maximum cardinalities of a maximal independent set of vertices in G. Consistent with the approach taken in this paper, these two numbers are more appropriately seen as the minimum and maximum cardinalities of (minimal) independent dominating sets of G. Cockayne et al. [1] were the ÿrst to relate the six basic invariants of irredundance, domination and independence for any graph G.
ir(G) 6 (G) 6 i(G) 6 ÿ 0 (G) 6 (G) 6 IR(G):
(
A k-dependent dominating set D in G is a vertex subset which is both k-dependent and dominating. Every graph has a k-dependent dominating set for any non-negative integer k, since every maximal independent set is a (minimal) k-dependent dominating set. Therefore, let k (G) denote the minimum cardinality of a k-dependent dominating set of G. The maximum cardinality of a minimal k-dependent dominating set of G is denoted by k (G). The concept of k-dependence was ÿrst deÿned by Fink and Jacobson in [6] , and the invariant k (G) was introduced by the same authors in [7] as i(k; 1; G). They were considering a model of domination (k-dependent-n-domination, and so n would replace the 1 in i(k; 1; G)) in which every vertex outside the dominating set is required to have at least n neighbors inside the set. In this paper we will be considering ordinary domination and so will use the simpliÿed notation. They also deÿned the k-dependence number of G to be the maximum cardinality ÿ k (G) of a set of vertices which is k-dependent. It follows therefore that k (G) 6 ÿ k (G). In [4] Favaron furthered the study of k-dependent-n-dominating sets. In that paper a k-dependent set was called (k + 1)-independent. In particular, i k n (G) and I k n (G) denoted the minimum and maximum cardinalities of sets of vertices which are both (k − 1)-dependent and n-dominating. There is no requirement that these sets be minimal with respect to the two properties. However, for every graph G it follows directly from the deÿnitions that
(G). In addition, Favaron deÿned i k (G) to be the minimum cardinality of a (k − 1)-dependent set in G which is maximal with respect to inclusion. It follows immediately that k (G) 6 i k+1 (G).
Relationships between k-dependent domination parameters
In this section we will establish a reÿnement of (1) by showing that a string of invariants ÿts between the second and third and between the fourth and ÿfth terms of (1) . In particular, we will prove that if G is a graph with maximum degree , then
and
In addition, we will derive bounds relating any two of the numbers in (2) . As a result, for cubic graphs we give a new upper bound on the independent domination number in terms of the domination number.
Lemma 2.1. If D is a minimal k-dependent dominating set of G; then D is both a minimal dominating set and a minimal (k + 1)-dependent dominating set of G.
Proof. Assume that D is a minimal k-dependent dominating set of G, and let
Thus it follows that D−{x} does not dominate G. Therefore, D is a minimal dominating set of G, and D is clearly (k + 1)-dependent.
The next corollary follows immediately and, together with the observation that every subset of V (G) is -dependent, veriÿes (2) and (3). Corollary 2.2. For every non-negative integer k and every graph G;
Actually, more can be said about the values at the lower end of (2) and the upper end of (3). Statement (i) of the next result is a special case of Theorem 1:2 of [4] , and statement (ii) follows from the observation that a minimal dominating set is irredundant and so must be ( − 1)-dependent. Theorem 2.3. Let G be a graph with maximum degree ¿ 2: Then
Let H be the graph obtained by adding two vertices of degree one adjacent to each vertex of K 3 : Then (H ) = 4 and (H ) = 2 (H ) = 3 ¡ 1 (H ) = 4: This shows that in general the result in (i) above cannot be improved. The Cartesian product G = K m K 2 , m ¿ 3, is a graph of maximum degree = m for which it is straightforward to show that −2 (G) ¡ (G). That is, while the three lower values in (2) are equal, only the largest two in (3) are necessarily equal. In fact for this graph
In trying to gain a better understanding of (2) and (3) it would be helpful to know how rapidly the values can increase. In addition, we would like to know which sequences of numbers can be achieved by some graph. Toward this end we ÿrst establish the following result. Theorem 2.4. If G is any connected graph with maximum degree and r is an integer such that 0 6 r 6 − 3; where ¿ 3; then
Proof. Let A be a minimum dominating set of G: If A is also r-dependent, then r (G) = (G), and
, that is, if and only if r (G) 6 r: Thus we assume ( A ) ¿ r + 1: Let x be a vertex in A such that deg A (x) ¿ r + 1: Let Q = N (x) ∩ (V − A) and let P = {w ∈ Q|N (w) ∩ A = {x}}: Note that P is the private neighborhood of x with respect to the minimal dominating set A and so P is non-empty. Let R be a minimum r-dependent dominating set of the subgraph P , and let A = (A − {x}) ∪ R. Observe that |R| 6 |Q| 6 − (r + 1).
It follows that the set A is a dominating set of G and A has fewer vertices of degree at least r + 1 than does A : Let B be a minimal dominating set of G such that B ⊆ A . Then
Note that all the vertices y of B such that deg B (y) ¿ r + 1 are in A, and for such a vertex deg B (y) = deg A−{x} (y). Continue to repeat the above (at most |A| − (r + 1) times) with B in place of A until no more vertices of degree larger than r exist in the minimal dominating set. The result is an r-dependent dominating set D, and so
We now establish a relationship between any two consecutive terms of (2). Theorem 2.5. For any graph G of maximum degree and any r such that 0 6 r 6 − 3;
Proof. Let A be a r+1 -set of G. If A is r-dependent, then r+1 (G) = r (G) and the conclusion holds with strict inequality since − r ¿ 3: If A is not r-dependent, let X be the set of vertices x in A such that deg A (x) = r + 1 and let Y be a maximum independent set of X : The set A − Y is r-dependent since every vertex of X − Y has at least one of its r + 1 neighbors in Y: There are |Y |(r + 1) edges between Y and A − Y , and since A is (r + 1)-dependent |Y |(r + 1) 6 |A − Y |(r + 1). Thus |Y | 6 |A|=2.
and let R be a minimum r-dependent dominating set of P : Then R dominates P and A−Y dominates V −P. Therefore, R∪(A−Y ) is a dominating set of G which is also r-dependent since there are no edges between A − Y and R. Note that
It is known that in the class of cubic graphs i(G) − (G) can be arbitrarily large even if we assume G is 3-connected (cf. [2] ). However, a special case of the above theorem provides an upper bound for i(G) in terms of (G) when G has maximum degree three. The complete bipartite graph K 3; 3 shows that this bound is sharp. In fact, it can be shown that K 3; 3 is the only connected cubic graph achieving the upper bound.
Corollary 2.6. For any graph G with maximum degree = 3; i(G) 6 
Proof. Let A be a minimum 2-dependent dominating set of G, let X be a maximum independent set of A and let Y = A − X . The subgraph A consists of s components which are isolated vertices, paths and cycles. For each such component A i , let
and let R be a maximum independent set of P . The independent set Z = X ∪ R dominates G and hence i(G) 6 |Z|: We have
i ; 
since |A i | ¿ 3: Therefore, in all cases Á i 6 max{ =2; (2 − 3)=3}|A i |, and so
For a graph of maximum degree = 4, the above theorem gives a relationship between the domination number and the independent domination number. This relationship follows since for such a graph, = −2 = 2 :
Corollary 2.8. For any graph G with maximum degree = 4; i(G) 6 2 (G):
The notion of a subset of vertices of a graph being irredundant was ÿrst conceived by not requiring the set to be dominating but satisfying the condition which must be true in order for a dominating set to be a minimal dominating set. If we take the same approach to minimal k-dependent dominating sets we get the following deÿnition. A subset M ⊆ V (G) is called a k-dependent irredundant set if M is both k-dependent and irredundant. Such a set is a maximal k-dependent irredundant set if no proper superset of M is k-dependent irredundant. That is, a k-dependent irredundant set M is maximal k-dependent irredundant if for every T such that M ⊂ T , either ( T ) ¿ k or T is not irredundant. We note that each of the properties k-dependent and irredundant is hereditary, and so to show that a k-dependent irredundant set M is maximal, it su ces to prove that M ∪ {x} is not k-dependent irredundant for every x ∈ V (G) − M .
For an integer k such that 0 6 k 6 (G), we deÿne the k-dependent irredundance number to be the maximum cardinality of a k-dependent irredundant vertex set in G. This number is denoted by IR k (G): The lower k-dependent irredundance number ir k (G) is the minimum cardinality of a maximal k-dependent irredundant set in G. The relationships
follow immediately from the following lemma. The lemma is proved by observing that a minimal k-dependent dominating set D is k-dependent, and by Lemma 2.1 is also a minimal dominating set. Thus D is a maximal irredundant set and hence is a maximal k-dependent irredundant set.
Lemma 3.1. Every minimal k-dependent dominating set in a graph G is also a maximal k-dependent irredundant set in G.
Lemma 3.2. A set M ⊆ V (G) is a maximal 0-dependent irredundant set if and only if
M is a maximal independent set. If G has maximum degree ¿ 1; then the collection of maximal irredundant sets in G coincides with the collection of maximal ( − 1)-dependent irredundant sets.
Thus, when k = 0 we see that the k-dependent domination and irredundance parameters coincide with the usual independent domination numbers. In addition, for k = −1 the k-dependent irredundance numbers are the usual irredundance numbers. Corollary 3.3. For any graph G of maximum degree ;
Let G be a graph with maximum degree , and let 0 6 r ¡ s 6 − 1: If M is an r-dependent irredundant set with |M | = IR r (G), then M is also s-dependent irredundant. The next result follows immediately.
Theorem 3.4. Let G be a graph and let r and s be integers such that 0 6 r ¡ s 6
Thus, the sequence {IR
is always non-decreasing. The following example shows that it can be strictly increasing. Let G = K n K 2 , the Cartesian product of K n and K 2 , for n ¿ 3. Let A = {v 1 ; v 2 ; : : : ; v n } and B = {w 1 ; w 2 ; : : : ; w n } be the two cliques of order n with matching edges v i w i for 1 6 i 6 n: Then (G) = n, ÿ 0 (G) = 2 = 1 (G) = 2 (G) = · · · = n−2 (G), and n−1 (G) = (G) = n: For each r such that 1 6 r 6 n − 1, it can be shown that {v 1 ; v 2 ; : : : ; v r+1 } is a maximum r-dependent irredundant set and so IR r (G) = r + 1: Consider, for example, the general situation for a graph G with (G) = 4 depicted in Fig. 1 . The arrows indicate the relationships between parameters. For example, Fig. 1 contains all the relationships that hold in general. That is, the sequence {ir
need not be a non-increasing sequence. In fact, even though (G) = −1 (G) = −2 (G) always holds by Theorem 2.3 and ir(G) = ir −1 (G) by Corollary 3.3, it is not necessarily the case that ir Fig. 2 has maximum degree = 4, and ir
The set A = {1; 2; 3} is a maximal 2-dependent irredundant set, but A is not a maximal 3-dependent irredundant set since vertex 11 can be added to A without destroying the property of being irredundant. The lexicographically ÿrst maximal 3-dependent irredundant set is {1; 4; 9; 12}.
However, the following theorem shows that the ratio ir k+1 (G)=ir k (G) is bounded. Theorem 3.5. For every graph G and for every non-negative integer k; ir
Proof. Let I be a maximal k-dependent irredundant set of minimum cardinality. That is, ir k (G) = |I |: Let I 1 be the set of vertices in I which have exactly k neighbors in I , and let I 2 = I − I 1 : Let A ⊆ V − I such that I ∪ A is a maximal (k + 1)-dependent irredundant set. We establish the theorem by showing that |A| 6 |I |, from which it follows immediately that ir k+1 (G) 6 2|I | = 2ir k (G): Let A 1 = {x ∈ A|N (x) ∩ I 1 = ∅} and let A 2 = A − A 1 : Let f : A 1 → I 1 be the function deÿned as follows: for x ∈ A 1 choose one vertex in N (x) ∩ I 1 and denote it f(x): The function f is one-to-one since I ∪ A is (k + 1)-dependent. Thus, |A 1 | 6 |I 1 |: Also, for each z ∈ I 2 , deg A2 (z) 6 k +1, since I ∪A is (k +1)-dependent. However, for each x ∈ A 2 , the set I ∪{x} is irredundant since I ∪A is irredundant, and so I ∪{x} is not k-dependent. By the deÿnitions of I 1 and A 2 it follows that deg I (x) = deg I2 (x) = k + 1: Thus, there are (k + 1)|A 2 | edges between A 2 and I 2 , and it follows that (k + 1)|A 2 | 6 (k + 1)|I 2 |: Thus, |A 2 | 6 |I 2 | and so ir k+1 (G) 6 2 ir k (G):
Let k and p be any positive integers. For each vertex x of the clique K k+1 add a complete bipartite graph K p; p and make all vertices of one of the color classes adjacent to x. The resulting graph G k has ir k (G k ) = k + 1 (the vertices of the clique are a maximal k-dependent irredundant set) and ir k+1 (G k ) = 2k +2. This class of graphs of arbitrarily large order shows that the given relationship in Theorem 3.5 is tight.
Complexity of computing the k-dependent domination parameters
In this section we show that the decision problems corresponding to the following parameters are all NP-complete:
For each parameter, we state the decision problem in the standard INSTANCE-QUESTION format of [8] , and indicate a polynomial time reduction which can be used to show that the decision problem is NP-complete. We omit many of the subsequent proof details. Proof. We use the same reduction from the NP-complete problem 3SAT given on p. 34 of [9] to show that MKDS is NP-complete.
Let C = {C 1 ; C 2 ; : : : ; C m } be a collection of 3-term clauses in the boolean variables X = {x 1 ; x 2 ; : : : ; x n }. From this instance (C; X ) of 3SAT we construct the following graph G(C) = (V; E). For each i, 1 6 i 6 m, construct a vertex c i , and for each j, 1 6 j 6 n, construct a triangle on the vertices x j ; y j ; x j . Finally, add an edge (c i ; x j ) if x j ∈ C i , or an edge (c i ;
It is easy to see that C has a satisfying truth assignment if and only if G(C) has a k-dependent dominating set of cardinality n. Proof. Let C = {C 1 ; C 2 ; : : : ; C m } be a collection of 3-term clauses in the boolean variables X = {x 1 ; x 2 ; : : : ; x n }. From this instance (C; X ) of 3SAT we construct the following graph G. For each i, 1 6 i 6 m, let H i be the graph of Fig. 3 , and for each j, 1 6 j 6 n, let B j be a K 4; 4 labeled as in Fig. 3 . In addition, G contains an edge joining c i to x j1 if and only if x j ∈ C i and an edge joining c i to x j1 if and only if x j ∈ C i :
The following lemma completes the proof that UKDS is NP-complete. Proof. Assume that f : X → {T; F} is a satisfying truth assignment for (C; X ). Let
Since f is a satisfying truth assignment, every c i is dominated by either x j1 or x j1 , for some j. D is a minimal 1-dependent dominating set in G. Therefore, the existence of a satisfying truth assignment for (C; X ) gives a minimal 1-dependent dominating set of cardinality 4(m + n). In the ÿrst of these cases it follows that |D i | = 3, a contradiction. In the last two cases PN (c i ; D) ∩ V (H i ) = ∅: That is, c i must have some x j1 or some x j1 as a private neighbor. But in either of these it follows that |D j | 6 3 and so |D| ¡ 4(m+n), a contradiction. Therefore, c i ∈ D i for any i. Assume that for some 1 6 r 6 m, D r ∩ {a r ; b r ; f r ; g r } = ∅. We assume without loss of generality that a r ∈ D r : Since |D r | = 4, Proof. We use a reduction from the NP-complete problem INDEPENDENT SET, and a construction used by Fellows et al. in [5] , as follows. Given an instance of INDE-PENDENT SET, i.e. a graph G = (V; E) and a positive integer t, construct the trestled graph T 2 (G) in which to every edge uv ∈ E we add two paths of length three between u and v.
It is shown in [5] that for any irredundant set S in T 2 (G) there exists an independent set S * in T 2 (G) for which |S | = |S * |. It is easy to see that an arbitrary graph G of size m (i.e. having m edges) has an independent set of cardinality at least t if and only if the corresponding trestled graph T 2 (G) has an irredundant set of cardinality at least t + 2m. But this means that T 2 (G) also has an independent set of cardinality at least t + 2m, and this means that T 2 (G) has a k-dependent irredundant set of cardinality at least t + 2m. Thus, G has an independent set of cardinality at least t if and only if T 2 (G) has a k-dependent irredundant set of cardinality at least t + 2m.
The general questions of the existence of polynomial time algorithms for computing the values of these k-dependent domination and irredundance numbers, when restricted to such classes of graphs as trees, bipartite or chordal graphs, and subclasses of chordal graphs such as permutation graphs and interval graphs, will be the subject of a subsequent paper, currently in progress. [3] 
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